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1. INTRODUCTION AND PRELIMINARY RESULTS 
We shall consider the combustion of a porous solid occupying the half- 
space x > 0 as it reacts irreversibly and isothermally with a gas diffusing 
through its pores. We shall assume that the reaction is distributed 
throughout the solid with a rate of reaction proportional to CPSm, where 
C and S are nondimensional gas and solid concentrations, and p, m, C, S 
are nonnegative. Structural change during combustion is neglected. When 
the porosity is small, as is often the case in applications, it is appropriate 
to use a pseudo-steady-state approximation in which the accumulation of 
gas in the pores is neglected. The validity of this approximation has been 
established for bounded regions [ 1 J and is used here for an unbounded 
region, as is the practice in chemical engineering [2]. Our distributed 
reaction model is in contrast to the unreacted core model in which the 
reaction is confined to a front [3]. 
Mass balances for the gas and the solid yield the nondimensional 
equations 
c,, = cq 1 - X)m, (l.la) 
x>o, t >o, 
X,=CP(l-X)m, (l.lb) 
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where X= 1 - S is the local conoersion of the solid. The Thiele modulus 
(characterizing the ratio of the rate of reaction to that of diffusion) has 
been absorbed in the space coordinate in the first equation. With (l.la) 
and (1. lb) we associate the initial condition 
X(x, 0) =o 
and the boundary conditions 
C(0, t) = 1, C(c0, t)=O. 
(l.lc) 
(l.ld) 
The boundary condition at x = 0 insures that there is a continuous supply 
of gas to sustain the reaction. The initial condition for X states that the 
solid concentration is uniform at t = 0. On physical grounds, the solution 
we are seeking must satisfy C 2 0, X d 1. Furthermore, it is clear that any 
solution of (1 .lad) has the properties Cd 1, Xb 0. 
The initial gas concentration C,(x) cannot be specified independently 
since it is already determined from (l.la) and (l.ld) as the solution of the 
nonlinear problem 
C 0,xx - c,p, x > 0, Co(O) = 1, C,(m) =o. (1.2) 
From (1.2), we see that Co is convex and decreases monotonically with x. 
It follows that lim,, cc C,,(x) = 0. A straightforward calculation gives 
1 [ I 
2/(1-p) 
Co(x) = 
1-r ) 
XP + 
P#l 
-x 
e , P’L 
(1.3) 
where xp=J2(l+p)l(l -p) and z, stands for the greater of z and 0. If 
pb 1, then C,(x) is positive for x>O. For p < 1, C,(x) is positive only for 
x<xp and vanishes identically for x2x,. We say that the penetraion 
distance is finite for p < 1 and infinite for p > 1. Note that in all cases 
xc0.x +Oasx+co. 
Problem (1.la-d) is easily translated into a scalar integrodifferential 
equation. When X< 1, we can divide (l.lb) by (1 - X)m to obtain 
d 
ii 
_ (l-w-” 
l-m 1 ‘cp 7 m# 1, 
or, on integrating from 0 to f 
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At x = 0, the right side reduces to t. In any event, the function of X on 
the left side is defined and strictly increasing on 0 <X< 1; its range is 
[0, co) if m > 1 and [0, l/(1 -m)) if m < 1. In both cases we denote the 
inverse function by A,(t). If m > 1, A,(t) is defined for all t > 0. If m < 1, 
we observe that A,( l/( 1 - m)) = 1 so that it is natural to extend A, to be 
identically 1 on [l/( 1 - m), co). With this notation we see that 
X(0, t) = A,(t) 
and 
X(x, t) = A, 
( 
j-i cqx, T) d7). 
where 
A,(t)= 1 -[I -(l -m)t]:l(‘-m’. 
(1.4) 
(1.5) 
If m = 1, a straightforward calculation gives 
A,(t)= 1 --e-‘. 
For fixed m, A,(t) is monotone increasing in t with A,(O) = 0, A,(a) = 1. 
If m > 1, A,(t) < 1 for all t, whereas if m < 1, A,(t) < 1 for t < l/(1 -m) 
and A,(t) - 1 for t 2 l/( 1 - m). With t fixed A,(t) is monotone decreasing 
in m. 
On the boundary x = 0, we have X= A,(t) so that, if m < 1, the solid is 
fully converted on the boundary at the time t = l/( 1 -m). If m 3 1, the 
solid on the boundary is not fully converted in finite time; since conversion 
is slower in the interior, it is clear that X(x, t) < 1 for all x and t when 
ma 1. 
The cases m < 1 and p < 1 do occur in applications (see, for instance 
[2]) and, because of the nonlipschitzian character of the nonlinearity, lead 
to interesting special phenomena. 
We can substitute (1.4) in (Lla) to obtain an integrodifferential equation 
for C. A more useful form of this equation can be derived by noting that, 
since C,, = X,, we also have 
* sx = x (1.6) 
where 
$(x, tf = 1; C(x, 5) dr, c=*,. (1.7) 
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Hence, we see that $ satisfies 
II/xx=Am 1; ti,p(x, ,,m): 
( 
ljqo, t) = t, II/( co, t) = 0. (1.8) 
For p = 1, (1.8) reduces to the ordinary nonlinear differential equation 
$,,=A,($); Il/(O, t)=t, lj(co, t)=O. (1.9) 
Note that E appears solely as a parameter in the boundary condition. 
Thus, for each t we only have to solve a boundary value problem in x. 
We now quote some preliminary results about the system (l.la-d): 
(a) Existence and uniqueness can be proved by quasi-monotone 
methods adapted to the nonlipschitzian case. 
(b) C(x, t) and X(x, t) decrease in x for fixed t, and increase in t for 
fixed x. 
Cc) lim,,, C(x, t)= 1, lim,,, X(x, t) = 1. Both of these limits hold 
uniformly over compact x sets, but do not hold uniformly on x > 0, since 
for each fixed t both C and X tend to 0 as x + co. 
We do not offer proofs of these results as they are similar to the ones found 
in [l, 41. 
Our main goal in the present paper is to investigate two special 
phenomena, the first associated with the case m < 1, the other with the case 
p< 1. 
We shall show that for m < 1 there is a conversion front x = A(t) behind 
which the solid is fully converted, but that no such front exists for m 2 1. 
This conversion front is not the usual one discussed in the combustion 
literature (see [3], for instance) where the reaction is confined to a front 
(with full conversion behind the front, but no conversion ahead of it). In 
our problem the reaction is distributed through the solid and there is 
partial conversion ahead of what we call the conversion front. We can 
formulate a preliminary result as 
THEOREM 1. Define 
%(t)=sup{x~O]X(x, t)= l}. (1.10) 
Then if m < 1 and t > I/( 1 -m), we have 0 < l.(t) < J’?t, E.(t) increasing with 
lim f-m A(f) = ~0. rf m 2 1, X(X, t) < 1 for all x 2 0 and t > 0, and there is 
therefore no conversion front. 
ProoJ Let m < 1. Since 
I ’ C”(0, T) dz = t, 0 
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(1.4) shows that X(0, t) < 1 for t < l/( 1 -m) and X(0, t) = 1 for 
t 3 l/( 1 -m). Given t > l/(1 -m), the continuity of C together with 
C(0, t) = 1 implies the existence of a fully converted neighborhood of x = 0 
so that A(t) > 0 for t > l/( 1 -m). Moreover, for any bounded interval 
0 <x 6 b, we know that C(x, t) --* 1 as t + co, uniformly in x. There must 
therefore exist a time T such that 
I 
I 1 
Cp(x, T) dz Z - O<x<b, t>T, 
0 l-m’ 
and hence the interval [0, b] is fully converted by time T. We conclude 
that A(t) + cc as t + co. To obtain an upper bound for A(t), we multiply 
the equation 
by x and integrate by parts from x = 0 to co: 
I 
a: m oc 
xX, dx = s xC,,dx= - I cc C,dx+xC, = 1. 0 0 0 0 
This leads to 
I 
5 
s 
i(f) 
t= xX dx> xXdx=1=/2 
0 0 
and, hence 
A(t) d Jt. (1.11) 
If m 2 1, (1.4) implies that X(x, t) < A,(t) < 1 so that there is no conver- 
sion front. 
Next we ask if the gas concentration C(x, t) is necessarily positive for 
x > 0. We know from (1.3) that for p < 1, C(x, 0) vanishes for x 2 xP. We 
show that the support of C(x, t) remains finite for all t if p < 1. 
THEOREM 2. Define the penetration front 
p(t)=inf(x>O(C(x, t)=O}. (1.12) 
Then if p< 1, x,<p(t)<co, p(t) is increasing, and p(t)>&. rf p> 1, 
p(t)= 03, that is, C>O for all x and t. 
Proof: Fixing t, we suppress the dependence on t. With p < 1, we first 
choose a so that X(a) < 1, which is possible for m 2 1 because X(x) < 1 for 
all x, and is possible for m < 1 because of ( 1.11). Then X(x) < X(a) for 
x 2 a and (l.la) can be written as 
c,, k acp, x > 0, 
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where o! > 0 is independent of x. If C(a) = 0 then C = 0 for x 3 a and C has 
compact support; assume, therefore C(a) = /I > 0. It then follows that 
C(x) <E(x), where E is the solution of 
E,, = aEp, x > a; E(a) = fi. 
The same argument used to show that C,(x) has compact support for p < 1 
shows that E(x) and hence C(X) have compact support. Since X=0 for 
x >, p(t), we have 
t= Cc s s P xXdx= xX dx d p2/2, 0 0 
so that 
P>fi. (1.13) 
Since C(x, t) > C(x, 0), it is clear that C(x, t) > 0 for all x and t when p > 1. 
This completes the proof of Theorem 2. 
If both m < 1 and p < 1, there exist two fronts and obviously the 
conversion front trails the penetration front: n(t) < p(t). 
The rest of the paper is organized as follows. 
In Section 2, we treat the case p = 1. The problem then reduces to the 
nonlinear ordinary differential equation (1.9) which can be solved 
explicitly. We obtain simple formulas for the overall conversion (see (2.6)) 
and, if m < 1, for A(t). Similar problems for bounded regions were studied 
in [S]. 
In Section 3, we consider the case p = 0 for which a penetration front 
exists. The problem can be translated into a linear Volterra integral 
equation for p(t), which can then be characterized as an inverse Laplace 
transform. Asymptotic information for p(t) is obtained from standard 
results on transforms. 
In Section 4, we take m < 1 and p arbitrary. We show that n(t) - $% for 
large t, by finding a complementary bound to (1.11). This is accomplished 
by using both Jensen’s inequality and suitable comparison problems. 
2. THE CASE p = 1 
There is no penetration front in this case, but there is a conversion front 
if m < 1. In terms of the cumulative gas distribution Ic/, the problem has the 
relatively simple formulation (see ( 1.9)) 
L=~,($), x>o; l+b(O, t)=t, $(cQ t)=O. (2.1) 
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Multiplying both sides of the differential equation by $,X, we obtain 
Clc/‘,).x = 2Fm.x, where F,(G) = 1” A,(8) d0. 
Jo 
Since both F,,, and rl/., vanish at x = co, we find 
$‘,=W,, *,= -Jrn. 
From the explicit expression ( 1.5) for A,, we can easily calculate 
(2.2) 
1 
-- m# 1,2, 
L(~)=jkWd~= 
2-m’ 
0 m= 1, 
m = 2. 
(2.3) 
Note that for m < 1, F,,,(y) = y - (l/(2 -m)) when y > l/( 1 -m). For fixed 
y, F,,,(y) is a decreasing function of m. 
From (2.2) we find 
A= j;-&$ 
m 
(2.4) 
Since F,(y) behaves like y2/2 for small y, the integral in (2.4) becomes 
infinite as $ + O+. Thus, for each x > 0 and t > 0, there exists a unique 
positive solution $(x, t) of (2.4) with lim,, o3 II/ = 0. Note that from (2.4), 
we can show that $ is an increasing function of m. 
Our interest is not so much in II/ defined by (2.4) as in the conversion of 
the solid. For the portion of the solid occupying a 6 x d 6, the amount 
converted up to time t is 
jabXdx= jOb A,($) dx = $.Jb, t) - $,(a, t) 
= $EiIGi3 -- J2F,o). (2.5) 
The overall conversion is 
y(t)= j= Xdx=Jm 
0 
(2.6) 
which is a decreasing function of m. In fact, it is easy to show that, for each 
x and I, X(x, t) itself is a decreasing function of m. 
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In the case m < 1, there is a conversion front which can be calculated 
explicitly. We first note that, for m < 1, 
For m<l and t>l/(l-m), we have X-l for Obxd,l(t), where 
$(/l(t), t) = l/( 1 -m). From (2.5) we find 
Xdx=Jz;,o- 
For large t, we have the asymptotic expansion 
~(t)----(l-m)“2(2--)“‘- $ (g-J. (2.8) 
In (2.7), the term 2F,( l/( 1 -m)) represents the contribution from the 
partially converted solid (J.(t) <x < co), a contribution which is 
independent of t. This can be understood by noting that the boundary 
value problem for x > %(t) can be reduced, by a translation of II units to the 
left, to the original problem (2.1) with t = l/( 1 - m). 
3. THE CASE p = 0 
We now have a penetration front x = p(t) and, if m < 1, we also have a 
conversion front x = i(t) which, of course, trails the penetration front. Our 
analysis here complements that given in [7], where different methods were 
used. 
Our equations (l.la-d) become 
c,, = x, = H( C)( 1 - xy, 
C(0, t) = 1, C(a3, t)=O, X(x, 0) = 0. (3.1) 
Here H is the Heaviside function and we are seeking a solution with X< 1 
and C 3 0. Note that 
C(x, 0) = (Jz - x):/2 
592 DI LIDDO AND STAKGOLD 
so that the initial penetration distance is ,/?& that is, p(O) =,,&?. Since 
C(x, t) is clearly monotone increasing in t and monotone decreasing in x, 
the penetration distance will increase with time. From (1.6) we have 
$.x=X O<x<p(t); tw, 1) = t, 4%(t), t)= 0. (3.2) 
From (3.2) we conclude that 
$(x3 t) = /““’ (5 -x) X(5, t) d5, x -=I p(t). 
r 
On setting x = 0, we find 
I 
P(Z) 
t= ML t) &. (3.3) 
0 
This equation was encountered earlier and led to the bound p > &t in 
(1.13). 
In the special case p = 0, it is possible to express X in terms of the inverse 
function 6 of p. We note first that 6(x) is defined and increasing for x > & 
and S(,,&‘) =O. It is convenient to extend the definition of 6 so that 
6(x)=0 for OdxdJ?. For each X, Eq. (l.lb) and condition (1.1~) now 
read 
x,=(l-X)m, t>d(x); X(x, 6(x)) = 0 
so that 
ax, t) = Ad- W)), t > W), (3.4) 
which holds for all t > 0 by extending A, so that A, = 0 for negative values 
of the argument. 
On substituting (3.4) in (3.3) we obtain 
t= f”“’ O,,z(t - S(t)) dt = A,(t) + j-1;’ 5&(t - 45)) 4. 
0 
With the change of variables 5 = p(z), we find 
t=A,(t)+~‘p(z)p’(z)A,(t-z)dz 
0 
and, on setting 0(z) = p’(z), 
t=A,(t)+;l“H’(z)A,,(t-z)dz; 
0 
(3.5) 
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which is a linear Volterra integral equation of the first kind for 0’(z). Since 
A is differentiable, we can integrate by parts to obtain the simpler equation 
t=;j-;a,(t-z)B(z)dz, 
from which we conclude (since A’ > 0 and 8 is increasing) 
2t 
@(t)2---- 
Am(t) 
(3.6) 
and, therefore, 
PO)b,:St:A,o? (3.8) 
which improves the lower bound (1.13). 
Of course (3.6) can be solved formally using Laplace transforms. 
Indicating the transform by the symbol A and using s as the transform 
variable, we find 
2 2 e--=- 
s3A, s2B(s)’ 
where B(s) is the Laplace transform of A;(t). Therefore 
(3.9) 
where a is such that the singularities of the integrand are in the half-plane 
Res<a. 
We can use (3.9) to find explicit solutions for special values of m and 
asymptotic information in general. Before analyzing the general case, let us 
look at three simple examples with m = 1, 0, i. 
(a) m= 1, A’(t)=e-‘, B(s) = l/(s + l), I$’ = 2(s + 1)/s’. This gives the 
explicit solution 
e(t) = 2(t + l), P(t) = $Jt+l, 
which could have been obtained directly from (3.6) without using trans- 
forms. 
(b) m=O, A’(t)=H(l-t), B(s)=(l-eP”)/s, 4=2/41-e-“)= 
2 C,“= 0 (e PnS/~), so that 0(t) = 2 C,“= ,, H( t - n) = ladder function. Clearly 
2t < fI( t) Q 2t + 2 and fi < p(t) Q dm so that for large t 
p(t)=@+0 1 
( > J 
409/152/2-20 
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(cl m = i, A’ = (1 - f/2)+, B(s) = (ec’” - 1 + 2s)/2s2, S = 
4/(emm2”- 1+2s)=4/h(s), 0(t) = (4/27ti) J;‘iz (e”‘/h(s)) ds. It is easy to see 
that the equation h(s) =0 has a double root at s=O. A more delicate 
calculation (see Appendix) shows that the other roots all lie in Re s d -1. 
By a well-known theorem on Laplace transforms (see, e.g., [6]), the 
behavior of 0(t) for large t has a leading term obtained from the residue at 
s = 0. A simple calculation gives 
e(t)-2(t+f), 
with remaining terms o(e-‘) since the other poles are to the left of 
Re s = -1. Thus, 
m-$Jq for large t. (3.10) 
Next, we investigate the general case m < 1. Then, we have 
B(s)=j~‘(‘~‘“l[l-(l-m)t,“‘“l’-“‘)e-”’dt (3.11) 
which is an entire function of S. An explicit calculation gives B(0) = 1, 
B’(O) = -l/(2 -m). Clearly d(s) =, 2/s2B(s) has a double pole at s = 0 and 
&s)e” has a residue 2( t + (l/(2 - m))) at s = 0. Assuming all other zeros of 
B(s) lie in the left half plane, we have the asymptotic formula 
p(t) = Jw+ O(eC”) 
so that 
p(t)=fi+O 1 . ( > fi (3.12) 
For m > 1, the asymptotic behavior is somewhat less transparent since 
(3.11) is now replaced by 
B(s)=~- [l+(m-l)t]-“/‘“-l’e~“fdt 
0 
(3.13) 
which is not an entire function. From (3.7) we have, for m = 3, 
2t 
B(t) > - = 
2tJ1 + 2t 
A(t) JLTt-1= 
1+2t+J-xtg2t+J2t. 
Hence p(t) > fi -t 0( 1) for large t, which implies at least a slightly 
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different behavior than (3.12). From (3.13) we can still obtain the 
asymptotic behavior 
p(t) Iv fi 
but, as we have just seen, the next term is no longer O(l/&). 
If p = 0 and m < 1 we have two fronts that are in a simple relation to 
each other. From (3.4), XE 1 when t 3 6(x) + (l/( 1 -HZ)). Thus, if e(x) is 
the inverse function of A(t), then 
e(x)-@)=&, 
from which we note that e(x) = l/( 1 - m) for x < $. The monotonicity of 
p and A together with their asymptotic behavior show that p(t) - A(t) + 0 
as t-co. 
4. THE CASE m < 1, p ARBITRARY 
Our goal is to provide good estimates for the conversion front A(t). The 
basic integrodifferential equation (1.8) is repeated here for convenience: 
$(O, t)= t, l)(cq t)=O. (4.1) 
We begin with the case p 6 1 and recall Jensen’s inequality which gives 
~~I/~J~~~I’~~(~~~~~~)~=II-~~~. 
Since A,(y) is an increasing function of y, we can rewritte (4.1) as 
$x.x G ‘%A~’ -p$p), l+qo, t)=t, l+qco, t)=O. 
Therefore $(x, t) is an upper solution to the problem 
l4 .x.x = A,( t’ -pup), u(0, t) = t, u(co, t)=O, 
from which we conclude (by uniqueness of nonnegative solutions) 
w, f) 2 4x9 f). 
The conversion front x = A(t) for (4.1) is characterized by 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
1 -= 
i ’ $:(A(t), 5) dT. l-m 0 
596 DI LIDDO AND STAKGOLD 
Since 0 < rjr < 1 and p < 1, the right side is bounded below by 1,9(2(t), t) so 
that 
(4.6) 
In view of (4.4), (4.6), and the fact that u and $ are decreasing functions 
of x, we obtain (after suppressing the dependence on the fixed value of t) 
;.,-f-L-.-)w’(-&-)=L (4.7) 
where L is defined from u(L) = l/( 1 - m). 
A lower bound for 1 can be found by calculating L explicitly from (4.3). 
Setting 
A,(PPUP) = B,(u), 
we note that B,,, is monotone increasing in u with B(0) = 0 and B,(u) - 1 
for zPt’--Pa l/(1 -m). Let us fix t> l/(1 -m); then for U> 1/(1-m) we 
have 
1 ( > 
l--P 
lPt’-p 2 up - 
1 
l-m 
a- l-m 
and hence B,(u) = 1 for u 2 l/( 1 -m). From (4.3), we obtain 
where G,(z) = 1: B,(u) dv. 
Hence L is determined from 
where, for z > l/( 1 - m), 
G,(z) = il”” ~ m, B,(u) du + j-= B,(u)du=z-ym, 
I/Cl-m) 
where yrn, which also depends on p, satisfies 0 < yrn < l/( 1 -m). 
It follows that 
L=$ Jt-ym- [ JG] -Jr; (for large 2). 
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Our estimate for A(t) is then 
from which we conclude that, for any p 6 1, 
J”(t) 1-l-o L z= J; ( > 
(4.8) 
(4.9) 
When p = 1, the lower bound in (4.8) is the exact value of ,4(t) as given in 
(2.7) since yrn = l/(2 - m) in this case. 
Let us now turn to the case p B 1. We first note that since 0 d $1 d 1, the 
solution $(x, t) of (4.1) now satisfies the differential inequality 
Lx d kdti); VW, t) = t, t4cQ t) = 0, (4.10) 
so that 
where v is the solution of 
V xx = ‘L(u), v(0, t) = t, v( co, t) = 0, (4.11) 
a problem extensively studied in Section 2. 
By Jensen’s inequality, we have 
l ;$;d~w-~qP. 
With the conversion front x = A(t) again characterized by (4.5), we find 
VP 
Il/(l(t), t)< t’ - (l’p) ( > +-+ 
Reasoning as in the previous case, we have 
where v(k, t) = t’-(“P)( l/( 1 - m))‘lP G y(t). Taking t > l/( 1 -m), we easily 
see that 
1 
-d y(t) < t. 
l-m 
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For such t, we can integrate (4.11) to obtain 
just as in (2.4). Now, from (2.3), we have 
F,,,(z)=z&, 
1 
z>,- 
l-m’ 
leading to 
k(‘)=jlJZ(z-$2-m)) 
=vq&&&] 
or 
Since k(t) < %(t) 6 a, we obtain the asymptotic behavior (for p > 1) 
i(t) -= 1 + o(t-“2y, 
fi 
(4.12) 
which should be compared with (4.9). Note that for p = 1, the lower bound 
k(t) again coincides with A(t). 
Combining (4.9) and (4.12) we see that, for any p, we always have 
In conclusion we should point out that some of our results can be 
extended to reaction rates that are not of the power type as long as they 
are increasing and have power-like behavior at the origin. 
APPENDIX 
We show that the equation 
h(s)=2s- l+eP2”=0 (A.1) 
has a double root as s = 0 and that every other root satisfies Re(s) < -1. 
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Proof. Set s = /J + io. Then (A.l) is equivalent to the system 
cos(2w) = e’“( 1 - 2~) 
sin(2w)/(2w) = ezP 
from which we obtain 
2~ = 1 - (20)/(tan(2w)) (A-2) 
2~ = ln(sin(2o)/(20)). (-4.3) 
If w # 0 then sin(2w)/(20) < 1 and (A.3) implies p < 0. From (A.2), (A.3) 
we have that o must be a solution of the equation z(x) = 0, where 
~(20) = ln(sin(20)/(20)) + ((20)/tan(2w)) - 1. 
It is easy to show that a strictly increasing sequence {ok) exists such 
that ok + CC as k + co, z(o,J = 0, x < w1 < 5x/4. From (A.3) we obtain the 
corresponding pk, which satisfies pk + -CC and pk < ln@)/2, where fl= 
max nGwG5n,4 sin(20)/(2w). Setting y = -In(p)/2 and computing j?, we 
easily complete the proof. 
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